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1. Introduction

Invariant quantities are important powerful tools in 
many fields of science because they permit to obtain 
information about the evolution and behavior of sys
tems. As an example, in physics, is well known the util
ity of momentum, mass, energy, charge, etc., conserva
tion laws. In general, a conservation law is a statement 
that establishes that a physical magnitude is unchanged 
(conserved) in an interaction occurring within a closed 
system. Parity (from Latin paritas: equal or equivalent) 
is a concept appearing in several sciences and even in 
several branches of physics with related meanings. In 
mathematics, it designs the property shared by num
bers or functions that are both either even or odd. In 
computer technology the name indicates whether the 
number of binary ones in a word is odd or even and is 
usually used for errors detection. In Quantum Me
chanics it is the property of a wave function that de
scribes the behavior of a system whose physical coordi
nates are related by inversion about a center. If parity 
is even, the wave function is unchanged and if it is odd. 
the wave function is changed only in sign. Other exam
ples can be found in crystallography, etc. As can be 
seen, the concept of parity usually assigns a discrete 
value 1 or 1 to the magnitude it acts upon.

In the usual mathematics definition of parity there is 
no intermediate state between an even function and an 
odd function or a function not exhibiting any obvious 
parity property. Following a similar scope as that that
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lead Zeraike to propose the concept of degree o f  co-
herence, it would be very convenient if a continuous 
magnitude related to the concept of parity could be 
available. Even more if this magnitude could be meas
ured and predicted under current optical situations. 
Besides, it is an intuitive idea (that can also be demon
strated) that this concept of parity should be conserved 
by free propagation. If a continuous generalization of 
the parity can be implemented its conservation could 
also be expected.

The aim of this paper is to define a more general 
concept related to parity, named the parity function, 
applied to optical fields and to demonstrate its conser
vation under wave field propagation. In section 2, we 
define the parity function, some properties are estab
lished in section 3, and some examples are shown. In 
section 4 we present an optical setup to obtain the par-
ity function of an optical field.

2. Definition of the parity function

Let us consider a complex scalar field described by a 
bounded function /(* ) , where x  is the spatial coordi
nate. For simplicity we are going to consider the spatial 
dependence to be one dimensional. The function can 
be split in its even and odd parts with respect to the 
coordinate origin as

where the even and odd parts are given by

(2)

(3)

The point about which the even and odd parts are de
fined can be generalized.

Even and odd parts with respect to any arbitrary 
point jcq can be written as

(4)

(5)

0030-4026/03/114/05-207 $15.00/0

403

©ptik— “yjjycs—
Into mat io sa l Jaofsal for Light s a i Etoctres Optics

The parity function in optical waves propagation

Beatriz Ruiz1, Héctor Rabal1, Sergio Granieri2

Abstract We propose a generalization of the concept ol 
parity as a continuous function and show that it is conserved 
in optical waves free propagation. Some properties are com
mented and 'an experimental implementhttoa to optically 
generate a representation is suggested. ■ ' • ; :
* ( ! | $  *  * *:   * r y * i |   $

Key wprds: Wave propagation  convolution  parity

(1)

-

-

" | j - ' 

- -
|

-
-

-

-
-
-

-

-

-
-

-
-
-

-

-

-

-

http://www.urbanfischer.de/journals/optik
mailto:hrabal@volta.ing.unlp.edu.ar


208 B. Ruiz el aL, The parity function in optica! waves propagation

The parity (P) o f the field f (x )  in the point xo is de
fined as

(6)

where indicates complex conjugation.
After eq. (7), but also from its definition, it can be 

seen that if /(x )  has compact support, then the parity 
consists of a constant additive term \  plus a bounded 
function with compact support. As most pupil func
tions in optics have compact support, the parity of a 
plane wave after incidence upon that pupil inherits this 
property. The parity is then a function generally 
smoother than (or, eventually as smooth as) the pupil 
function itself.

For eventual cases in which one (or both) of the in
tegrals in (7) is divergent, the parity is defined

Property 1. The parity function does not change under 
complex conjugation, as can be seen from eq. (6),

Property 4. As a consequence of eq. (12), the parity 
is bounded to the [0,1] interval, it is P { f )  (xo) <  1.

Property 5. If f ( x ) is even or odd with respect to 
x =  0, then P { f ]  (xo) is even with respect to 0, as can 
be seen from eqs. (4) and (6).

Property 6. If f (x )  is even with respect to 0, then 
P { f }  (0)  1. If jf(x) is odd with respect to 0, then 
P { /} (0 )   0. So, if an even function has constant par
ity then its parity is 1, and if an odd function has con
stant parity then its parity is 0 (see Appendix).

Property 7. For all a €  R ,

(see Appendix).
Property 8. If f is such that J | / | 2 dx <  oc, then 

/ ,W / } } ( z o )   l .  If J | / | 2 dx  oo, in general it is 
P { P { /} }  (zo) 1, as the case, P {sinx} (jc0)  sin2x<j 
and jP{sin*Xo} (zo) |  (5 +  cos4zo)), shows (see A p
pendix).

If both integrals in eq. (8) converge, then eq. (8) and 
eq. (7) coincide.

(8)

Examples

From ea. (71 the following oaritv functions are obtained

then it is verified that (see Appendix)

(11)

(12)

(13)

(10)

(9)

Property 2. The parity function does not change un
der multiplication of the function /  by a complex con
stant, as can be seen from eq. (6). It is, if c  e  C,

(and then, under general arbitrary phase changes 
exp [i<p] with cp a constant).

Property 3. If the imparity function / ,  o f the scalar 
field f  in a point xo is defined as

3. Properties of the oaritv function

(7)

where the integration interval is the support of f (x )  
and 0 <  J |/ (x ) |2 dx <  oo.

Notice that the denominator is a constant value. So 
the parity in xo is determined by the fraction of total 
energy contained in the even part of the function.

Eq. (6) can be written, by using eq. (4) and the con
volution operator i l l ,  indicated as &,

From eq. (8) the following parity functions are ob
tained
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Property 9. If we assume /  with J | / | 2 dx >  0, then if 
P { f}  (x0)  constant, /  has not bounded support (see 
Appendix).

viii) From example v), with R ea  ^  0, and eq. (12), it 
verifies P { f)  — / { / } .

ix) From examples vi) and vii), and eq. (12) it can 
be deduced that P jsinx}  /{cos*}.

Let us consider the free propagation of scalar fields 
f(x )  w ith/ | / j 2 dx  1, along the (mean) direction of 
the coordinate axis z, and the p index Fourier Trans
form o f f  [21

The necessary and sufficient condition for /  and g  to 
have the same parity is

Corollary 1 (Conservation of the parity)

If the function g is the function describing the field /  
after propagation a distance z, then

then eq. (15) is verified. It is the functions g  and /  have 
the same parity.

Physically, the conservation of the parity function is 
a consequence of the conservation of energy and indi-
cates that the energy in the even and odd parts of the

function is independently conserved after free propa
gation. Interference between these parts contains no 
energy.

An example is the plane wave, showing P — 1 for 
every point xo  This value is trivially conserved with 
propagation. Other non diffracting beams are also tri-
vial examples of the parity conservation as, by defini
tion the fields themselves are conserved.

Assuming both /  and g  are odd or both are even, the 
necessary and sufficient condition for /  and g to have 
the same parity is

5. Optical generation of the parity function

The first step to obtain the parity function of an optical 
field is the making of a Vander Lugt filter matched to 
it. It can be done by means of a holographic register or 
by using a spatial light modulator. Figure 1 a shows the 
set up of a typical Vander Lugt filter [3 5J.

If we want the representation o f the parity of a func
tion /(xo,yo), then the Fourier Transform of the field 
f ( x 0,yo) is made to form on a holographic plate H, 
where a coherent reference plane wave is also present, 
and is given by

where F(xi/Xd,y\/Xd) is the Fourier Transform of the 
field /(xo,yo) performed by the lens L with focal dis
tance d, and where the proportionality constant due to 
the development process has been omitted for simpli
city. Developing the square of the modulus in eq. (19)

405

Examples

This follows from eq. (15).
Notice that if /  is real, (imaginary), by knowing its 

parity we can get /  from

These definitions and results can be easily general
ized to bi dimensional fields.

assuming that the Fourier Transform o f/a n d  g  exist.
From eq. (7) it follows that the necessary and suffi-

cient condition for /  and g  to have the same parity is 
f   g <S> g*- Then, by applying the Fourier Trans-
form, eq. (15) is obtained.

beam with the optical axis and À the wavelength of the 
employed light. The transmittance of the filter H, after 
development with the usual linearity conditions, can be 
expressed as

(15)

(16)

By using the fact that Gp(x) is related to Fp(x) by [3]

Corollary 2

4. Conservation of the parity

Theorem

(18)
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Fig. 1. a) The set up for 
the filter construction; 
b)the generation of the 
parity function using the 
matched fitter.

we obtain for the filter transmittance, first lens L \, is

The second step for obtaining an optical version of 
the parity function is shown in fig. lb . The filter H  is 
located in the Fourier plane of a 4-d optical processor 
after an 180a rotation with respect to the coordinates 
origin. In this way the transmittance function of the 
filter can be described as

The second lens L j  performs the optical Fourier 
transform of the field represented by the last expres
sion and multiplies by a 1/Xd factor, so that the field in 
the output plane of the processor can be expressed as

406

(22)

(21)
If the incoming field to the processor is /(xo,yo)> then 
the field immediately behind the filter H  due to the

(20)

-

-
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The last term in eq. (23) represents, but for a bias 
term and a multiplicative constant, the parity function 
of the field/(xo,yo) in an inverted coordinates system. 
Then, if a, the reference wave carrier frequency was 
chosen high enough so that the last term does not spa
tially overlap with the others, an optical representation 
of the parity can be obtained.

From eq. (7) it results

Property 7

(A3)

6. Conclusions

We have defined and proposed the use of the parity 
function. We have shown several mathematical proper
ties and its conservation under free propagation in op
tical fields.

When propagation is not free, i.e. when light inter
acts with pupils, the value of the parity function is not 
conserved There is not a simple expression relating 
the parity of pupils and the parity of the fields before 
and after interacting with them.

A n optical setup to optically generate a representa
tion using a modified version of the classical Vander 
Lugt filter was also proposed. The concept can be ap
plied as a tool for help in inverse problems.

Also, by taking as hint the use of parity in computa
tion technology, the variation in the parity function 
where its conservation is expected can be used as a 
tool for inducing the presence of alterations in the as-
sumed conditions.

The parity function is only one of a set o f magnitudes 
that can be defined in connection with propagation. A  
closely connected one, which is the hermiticity function, 
is under development and will be published elsewhere.
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Property 8

From eq. (6)

if we call

then

The fact that j  | / (x ) |2 dx <  oo, implies 
lim h(xo)XQ ..,±00  0, and then Jh(x0) dx0,
J h 2(xo) dx0 <  oo. By using the definition in eq. (6), it 
is obtained

If we assume that the support of /  is bounded, then 0 < J Ift dx<oc, and there exist at least x ,y  such that 
( /(* )  ® /*(* ))(* )  0, and (f ( x ) ® f*(x)) (y) ^  0, then 
P{ / }  is not constant.

407

The left hand term in eq. (12) can be written (by using 
eqs. (6) and (11)) as

Appendix

Property 3

B y using eqs. (4) and (5), and taking into account that

Property 6

From definition of convolution is

due to the orthogonality between functions fp(x;xo) 
and//*(x:xo), eq. (A l)  equals unity.

Property 9

(A5)

and

From

(A 4 )

with ^ — ax7 eq. (13) results.

(A l)

(A2)
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