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We analyze the problem of quantifying entanglement in pure and mixed states of fermionic sys-
tems with fixed number parity yet not necessarily fixed particle number. The “mode entanglement”
between one single-particle level and its orthogonal complement is first considered, and an entan-
glement entropy for such a partition of a particular basis of the single-particle Hilbert space H is
defined. The sum over all single-particle modes of this entropy is introduced as a measure of the
total entanglement of the system with respect to the chosen basis and it is shown that its minimum
over all bases of H is a function of the one-body density matrix. Furthermore, we show that if
minimization is extended to all bases related through a Bogoliubov transformation, then the entan-
glement entropy is a function of the generalized one-body density matrix. These results are then
used to quantify entanglement in fermion systems with four single-particle levels. For general pure
states of such a system a closed expression for the fermionic concurrence is derived, which generalizes
the Slater correlation measure defined in [J. Schliemann et al, Phys. Rev. A 64, 022303 (2001)],
implying that “particle entanglement” may be seen as minimum “mode entanglement”. It is also
shown that the entanglement entropy defined before is related to this concurrence by an expression
analogous to that of the two-qubit case. For mixed states of this system the convex roof extension of
the previous concurrence and entanglement entropy are evaluated analytically, extending the results
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of previous ref. to general states.

PACS numbers: 03.67.Mn, 03.65.Ud, 05.30.Fk

I. INTRODUCTION

Quantum entanglement is not only one of the key fea-
tures of quantum mechanics but also an essential resource
in quantum information processing ﬁ]] It plays a central
role in quantum teleportation [d] and quantum computa-
tion B] Consequently, the understanding and quantifica-
tion of this resource has become a fundamental problem
in quantum information theory M] It has also provided
deep insights into the structure of correlations and quan-
tum phase transitions in many-body systems ﬂa—ﬁ]

If [Uap) € Ha ® Hp is a pure state of a composite
quantum system, its entanglement is quantified by the
entanglement entropy S(pa) = S(Trg|¥ap){(Vap|) =
S(pp), where S(p) = —Trplog, p is the von Neumann
entropy. It is then seen that the notion of entanglement
in such systems relies on the tensor product structure of
its state-space E] In fermionic systems, however, the
situation is less clear since the state-space has no longer
this structure due to indistinguishability.

When generalizing the notion of entanglement to sys-
tems of indistinguishable particles ﬂ}lﬂ] mainly two dif-
ferent approaches have been taken: Mode entanglement
Iﬂ—lﬂ, ,Bd] and quantum correlations [ particle en-
tanglement ﬁ—}ﬁ', E—b, m—lﬂ] In the first case the
parties share different modes of a given basis of the
single-particle Hilbert space. Therefore, mode entangle-
ment of a system does not remain invariant with re-
spect to unitary transformations in the single-particle
(sp) space. The second approach looks for correlations
between particles and beyond antisymmetrization. In
[, 1] a fermionic analog of the Schmidt decomposition
and Schmidt number was introduced to quantify entan-
glement in two-fermion systems, and also a fermionic

“concurrence” was defined. While these measures of en-
tanglement remain invariant under unitary transforma-
tions in the sp space, they are restricted to states with
a fixed particle number, which is not the general case
in fermionic systems. The same problem arises in Iﬁ],
where in order to share particles between parties it is nec-
essary to project the original state onto subspaces with
definite particle number.

In this paper we first consider pure states of fermionic
systems within a grand-canonical context, so the particle
number is not necessarily fixed. Fermionic states with no
fixed number of fermions arise, for instance, when con-
sidering the vacuum of quasiparticles defined through a
Bogoliubov transformation Iﬁ, Iﬂ, Iﬂ], as well as by sim-
ply applying particle-hole transformations, such that the
state is viewed as a vacuum of certain fermion operators
plus particle-hole excitations. The fermion number par-
ity of these states is nonetheless fixed, in agreement with
fermionic super-selection rules The entanglement
between a single fermionic mode and the remaining sp
orthogonal space in such states is first considered, and
an entanglement entropy is defined in order to quantify
these correlations. We then propose the sum over single-
particle modes of this entropy as a measure of the total
mode entanglement associated with the chosen sp ba-
sis, and show that its minimum over all single particle
bases depends only on the eigenvalues of the one-body
density matrix p;; = <c; ¢i), being therefore invariant un-
der sp transformations. Furthermore, it is shown that if
the minimization is extended to all quasiparticle bases,
i.e., bases related through Bogoliubov transformations,
the minimum entanglement entropy is just the von Neu-
mann entropy of the generalized one-body density ma-
trix pP, which contains in addition the pair creation
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and annihilation contractions (c;cj) and (cjc;). Its con-
vex roof extension for mixed states is also introduced.
This quantity allows to rigorously identify mixed states
which cannot be written as convex mixtures of Slater de-
terminants or quasiparticle vacua (or in general fermionic
gaussian states [21, %]), like thermal states of interacting
fermion systems at sufficiently low temperatures, quan-
tifying their quantum correlations.

We then focus on fermionic systems with sp space di-
mension 4. For general states it is shown that the mini-
mum over all quasiparticle bases of the entanglement en-
tropy can be written in terms of a fermionic analog of the
concurrence m, @, E], that reduces to the Slater corre-
lation measure defined in ﬂg, ﬂ] for two-fermion states.
Its convex roof extension for mixed states is also eval-
uated analytically, extending explicitly the results of
to arbitrary mixed states with fixed number parity [22].
This allows to evaluate in closed form the convex-roof ex-
tension of the previous entanglement entropy. A simple
illustrative example is provided.

II. FORMALISM
A. Single level entanglement entropy

We start by considering a pure state |¥) of a fermion
system with an n-dimensional single-particle (sp) Hilbert
space H. The system is described by a set of fermion
annihilation and creation operators {c;, c;,} satisfying

cicj +cje; =0, CiC; + C;Ci = 0;j , (1)

such that {c;-|0), j =1,...,n} is an orthonormal basis
of sp states (|0) denotes the vacuum of the operators c¢;).
We will work within a general grand-canonical context,
in which |¥) is not necessarily a state with a definite
value of the fermion number N = Ej c;cj. It may be,
for instance, a vacuum of qusiparticle operators a,, re-
lated with the ¢;’s through a Bogoliubov transformation
B4). In this case, it is a sum of pure states with different
fermion numbers (see Appendix), yet having all the same
number parity

P= exp[iwz c;-cj] ) (2)

such that P|U) = £|¥). Let us also recall that the ele-
mentary particle-hole Bogoliubov transformation

cj—>c;r-, c;-—>cj, (3)

leaves the anticommutation relations unchanged, so that
formally, it is a matter of choice whether one considers
the particles or the holes as the “true” fermions. We will
take this basic symmetry into account in all the following
correlation measures, such that they all remain invariant
under the previous transformation. We will just assume

that all pure states involved have a definite number par-
ity 2], which implies (¢j) = 0 and also (O) = 0 for
any operator O which is a product of an odd number of
fermion operators c;, c}.
We now consider a partition (A, B) of H, where A
denotes the single mode or “level” j and B the remaining
orthogonal sp space. Eq. ([l) implies that the operators

M, = clej, T =cjel, TG +T0; =1, (4)

constitute a basic set of orthogonal projectors, defining
a standard projective measurement on the level j. Ac-
cordingly, we may decompose any state |¥) as

[0) = cles ) + sl ) (5)
= V5 1) + V1) (6)

where the first (second) term in (f) selects the compo-

nent of |¥) where the state j is occupied (empty) and
N o1 g o= Lt

|W;) = f—ijjCﬂ‘I’), |Ws) = \/—p_jc]cj|\lf) are the corre-

sponding normalized states. Here p; (p;) is the probabil-

ity of finding the level j occupied (empty) in |P):

pj = (Ulcfe;| W), py = (Tlejel[¥) =1 —p;.  (T)

For an operator O4 depending just on c;, c; and Op de-

pending just on the complementary set {ck,cl, k # j},
we then obtain, assuming P|¥) = £|T),

(V[0 |¥) = pj(¥;|0a(m)|¥;5) + P;(V;0a(5)|¥;)
=tram)pam)Oa) (8)

picll0)(0lc; + pjl0)0] and pp =
pic;| U (T |c; +p;|¥5)(¥;| represent reduced density op-
erators for systems A and B respectively.

The entanglement between A and B can then be
quantified by the entropy of the elementary distribution
{pjip; =1—-p;}:

S(pa) = S(pB) = —pjlogy pj — (1 — p;)logy (1 — p;)(9)
= h(p;), (10)
where S(p) = —Trplog, p is the von Neumann entropy
and h(p) = —plog, p—(1—p)logy(p) (0 < h(p) < 1). This
entropy remains obviously invariant after a particle-hole
transformation (). For a pure state |¥), Eq. ([@) vanishes
if and only if (iff) | V) is separable with respect to this
level, i.e., iff the level j is either occupied (p; = 1) or
empty (p; = 0) in |¥), such that |¥) = c;cj|\11) or |¥) =
cjc;-|\11> respectively. Its maximum value 1 is attained for
p; = 1/2

where pg4 =

B. One-body entanglement entropy

The sum

Se =Y h(py), (11)



is a measure of the entanglement associated with the sp
basis determined by the operators c;. Eq. () vanishes
iff each level j of this basis is disentangled from its com-
plementary sp space, i.e., iff each level is either occupied
or empty in |¥), such that |¥) is a Slater determinant in
this basis: |¥) = C;d ...c;m|0) for some subset of levels
Ut sgm).

Eq. () depends on the choice of sp basis, i.e., on the
choice of fermion operators ¢ = (c1...,¢,)T. We now
consider the minimum of ([T over all sp bases of H, i.e.,

S = Min S , (12)

where S = >, h(p}), with p} = <\If|c’;c;|\11) and ¢/ =
(¢),...,c,)T an arbitrary set of fermion operators related

with the ¢;’s through a unitary transformation:
c=Ufe, (13)
with U a n X n unitary matrix (such that the fermionic

relations () are preserved). Eq. (I2) vanishes iff |T) is

a Slater determinant, i.e., |¥) = C/L .. c’Lm|O> for some
operators ¢, of the form ([[3). Hence, S°° = 0 iff there
is a sp basis where every level is disentangled from its
complementary sp space.

Defining the sp density matrix p*® = 1 — (cc') (with
(O) = (¥]|0|¥)), of elements

it is seen that the minimum (2] is reached for those
operators ¢’ which diagonalize pP, i.e., satisfying
(L) = (U PP = p}dna (15)

with p), the eigenvalues of p°P.

Proof: Eqs. (@)~ imply that p; = p7 = >, [UZ[p).-
Hence, concavity of the function h(p) entails 3, h(p;) >
>k UIR(DL) = 32 h(p}), with equality reached iff the

p;’s are already the eigenvalues of p°P. (|
The minimum value ([[2]) can then be expressed as
S = h(p}) = trh(p™), (16)
k

being now apparent that S*P vanishes iff the eigenvalues
p). are either 0 or 1, ie., iff (p°?)? = p*P, a condition
ensuring that |U) is a Slater determinant .

Eq. ([IG) has in addition the obvious meaning of quan-
tifying how mixed or “hot” is |¥) with respect to the set
of all one-body operators of the form

0 =3 oycle;, (17)
i

since their averages are completely determined just by
PP (P|O|P) = trp®Po. Accordingly, S remains in-
variant under one-body unitary transformations |¥) —
exp(—i0)|¥), with O any hermitian one-body operator
of form ([IT), since they lead to a unitary transformation
of p® (p® — Up®UT, with U = e~%) and hence do not
affect its eigenvalues.

C. Generalized one-body entanglement entropy

A quasiparticle vacuum, like for instance a superfluid
or superconducting state in the BCS approximation Iﬂ],
will lead to S > 0, since p°P will be mized, i.e., it will
have eigenvalues distinct from 0 or 1 (see Appendix). If
fermion quasiparticles are to be allowed, we can extend
the minimization in ([I2) to all single quasiparticle basis,
ie.,

59P — Min Sg , (18)

where Sq = 3" h({a}a,)) and a denotes a set of fermion
operators a, linearly related to the original operators c;,

c; through a general Bogoliubov transformation m:

a, = Z Ujucj + le,c; . (19)
J

Eq. (I3 can be written as

(3)-w(2) w-(5E).

where the 2n x 2n matrix W should be unitary (i.e.
UUT+ VvVt =1, UVT +VUT = 0) in order that the
operators a,, aL fulfill the fermionic anticommutation re-
lations (1).

One should then consider the extended 2n x 2n density
matrix

=1 ) en= () ) e

where x is an n X n antisymmetric matrix containing the
pair annihilation averages

Kij = (cjci) (22)

with —F;; = <c;ci> and (1 — p);; = (¢;cl). Eq. @) is
a hermitic matrix which can always be diagonalized by a

suitable transformation (20, such that

1—<(f+>(a a*)>=WTPquW:(£ 1Ef>’

(23)
with fu, = f.0. and f,, 1 — f, the eigenvalues of p¥P
(which always come in pairs (f,,1— f,), with f, € [0,1]),
entailing

(ala@ =ouwfv, (aua,)=0. (24)

It can then be easily shown that the minimum (I8 is
Sasp — _ qulOgQ fo+ (1= fu)logy(1 = f,) (25)

= —tr’/ p¥P log, p%P . (26)

where tr’ denotes the trace in the extended sp space.
Proof: Since both p; = <c; ¢;) and 1 —p; are the diagonal



elements of p%P, denoting with ¢; and A, the full set
of diagonal elements and eigenvalues of p%P, we obtain
¢ = Y., W3, I\, and hence, due to the concavity of

fp) = —plogzp, =2 fg) =225, IV If(\) =
> () = SeP. 0.

Eq. (28] vanishes iff f, is either 0 or 1 for all v, i.e., iff
|¥) is a particle or quasiparticle Slater determinant. By
an elementary particle-hole transformation we can always
change such state to a quasiparticle vacuum, so that we
can say STP = 0 iff |¥) is a quasiparticle vacuum. In
other words, ST = ( iff there is a single quasiparticle
basis where every level is disentangled from the rest.

Eq. (I8) also measures the mixedness of |¥) with re-
spect to the set of all generalized one-body operators, of
the form

0= Zoll Te 02joclc] —i—o?fcjc;) itro't (27)

— 1l c)o(cﬁ), o_<z;§ _(‘;?i)T)(zs)

e., general quadratic functions of ¢, ¢! (the constant
term in (7)) is just added for convenience), since their
averages are completely determined by p9P:

(|O[¥) = tr[p™ o' — 10" +1(ko*"—K0")] =

(20)
The present scheme allows then to properly treat states
which do not have a definite fermion number and lead
to non-zero contractions (c;c;). The whole formalism
becomes then strictly invariant under arbitrary particle
hole transformations (B)) applied to some subset of levels,
which will move elements from p*P to k and viceversa,
but which will not alter the spectrum of p®*P. The latter
remains actually invariant under arbitrary quasiparticle
unitary transformations |¥) — exp[—i0]|¥), where O is
an hermitian generalized one-body operator of the form
@1), since they just lead to a unitary transformation of
PIP e, pUP — WpdsPWT | with W = =9,

We notice that a transformation a, > a], obviously
changes f, <+ 1— f,, so that there is no unique way to se-
lect which of the eigenvalues of p%°P will be the f,’s or the
1 — fls. One can choose the f,’s as the lowest eigenval-
ues (such that |¥) becomes a quasiparticle vacuum when
SeP = (), but it is also possible to set Det[U] # 0, which
ensures that the vacuum of the a, has the same number
parity as |0) (Eq. (Ad))). These choices do not affect the
entropy S%®P. We also remark that the maximally en-
tangled state, i.e., that with maximum S%P  corresponds
to the exceptional case f, = 1/2 V v, where S¥P = n
and p®P = I, /2 becomes proportional to the identity
matrix, remaining then invariant under any Bogoliubov
transformation.

%tr' pLTPO .

D. Generalized entropic inequalities and quadratic
entropy

From their definitions, it follows that the entropies
(D), @8 and [@4]) satisfy the inequality chain

Se > 5P > SEP (30)
Eq. B0) actually holds for more general entropic forms.
~ p°P
sp
7 = ( 0 1-

the diagonal of p°P, we obtain, with the same previous
arguments,

is the extended p*P and g

Sp(pg’) 2 Sp(pP) = S5(p*), (31)

where
Sy(p) =tr f(p), (32)
w1th f O 1 ] = R a strictly concave function satisfying
f(0 = 0, represents a generalized entropic form
Moreover these matrices fulfill the majorization

relatlon kd|
pf < pP < p¥P (33)

where p < p/ means here Y7 A\ < D7 N for j =
1,...,2n—1, with A;, A} the eigenvalues of p and p’ sorted
in decreasing order, since the sorted set of diagonal ele-
ments in an orthonormal basis of an hermitian operator
are always majorized by the sorted set of its eigenvalues
Bd. Eq. allows to extend [BI) to any Schur-concave
function %)Of the extended density matrices.

A particularly useful example, which will play an im-
portant role in the next section, is the quadratic en-
tropy S2(p) (also denoted as linear entropy), obtained

for 1(p) ~ 2p(1 - p)
So(p®P) = 2tr" [pPP (1 — p¥P)]
:4HPW1—fw—Hw] 61

_4qu £), (35)

where the factor 2 has been chosen such that its maxi-
mum value for a single level is 1. Unlike the von Neum-
man entropy 26l), S2(p®P) can be evaluated just by
taking the trace in ([B4]), without explicit knowledge of
the eigenvalues f, of p®P. Yet, like S¥P it is non-
negative and vanishes iff |¥) is a quasiparticle vacuum
or Slater Determinant. Eq. @) implies in particular

2 pi(L=pj) 2 3 m (1 =pi) 2 22, (1= o).

E. Mixed states

Let us now consider mixed fermion states, assumed
as convex mixtures of pure states with definite number
parity, i.e.,

p= qu|\ljl><\pl| ) (36)



where ¢; > 0, Y. ¢; = 1 and P|¥;) = £|¥;), such that
[p, P] = 0. We can define an entanglement measure for
these mixed states in a way similar to the entanglement

of formation [3d, B1l], through the convex roof extension
of S¥P,

E®P(p) = Min 1SR (W) 37
(p) {q;)m}zi:q (1w3)) (37)

where p = >, q;|W7)(¥], ¢; > 0, and the minimization is
over all decompositions of p as convex mixtures of pure
states, assumed again of definite number parity. Eq. (7))
vanishes iff p is a convexr mizture of particle or quasipar-
ticle Slater determinants, i.e., of suitable quasiparticle
vacua, and reduces to S®P for pure states. This quantity
will be evaluated exactly in the particular system of the
next section.

As a general application of E9P  let us consider an
interacting fermion system at finite temperature T'. For
attractive two-body couplings, the static path approxi-
mation @, E] will lead to a classically correlated den-
sity operator pgpa, which is a convex mixture of (non-
commuting) thermal states diagonal in a basis of particle
or quasiparticle Slater determinants, associated with dif-
ferent values of the running effective order parameters.
Hence, E%P(pspa) = 0, in agreement with the fact that
pspa contains just static fluctuations around mean field.
Such correlated but still unentangled approximation can
be derived from the auxiliary field path integral repre-
sentation @], and becomes exact at sufficiently high T
m] Its breakdown at low T reflects the onset of entan-
glement, i.e., of a finite value of E%¥P(p). Eq. (B7) defines
a limit temperature 77, above which F9P = (. Mixtures
of fermionc gaussian states are also important in noisy
fermionic quantum computation models m, @]

III. THE CASE OF FOUR SINGLE PARTICLE
LEVELS

We will now examine in detail the special case of
a fermion system with single particle space dimension
n = 4. This is the lowest dimension where non-trivial
fermionic entanglement arises, i.e., where S%P can be
non-zero, as will be verified. We will extend the results
of ﬁ], which considered just pure or mixed states with
a definite fermion number, to general states which do
not necessarily have a definite fermion number, yet still
have a definite number parity P (see also m, Iﬁ]) This
sp space can accommodate 8 linearly independent pure
states of the same number parity, so that the Hilbert
space dimension for fixed P is 8.

.O+O. O._‘_.Oi

00’00 ee’ee @O OO
+ + !
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@0, 00 ce 00 OO0 @@

@O0 @ O®e 00 !

FIG. 1. (Color online) Schematic representation of pure
fermion states with odd (top) or even (bottom) number parity.
A general state with definite number parity is a superposition
of the 8 states indicated on the left of the dashed vertical line,
where a full disk indicates an occupied level. In the normal
form (p®P diagonal), obtained after a suitable Bogoliubov
transformation, it can be reduced to the superposition of two
states like those indicated on the right. The state is entangled
(in the sense of not being a quasiparticle vacuum or Slater De-
terminant) iff the product C' (Eq. {@3)) of the coefficients of
the left and right groups of four states is non-zero, implying
nonzero weight for both states of the normal representation.

A. Pure states
1. Odd parity states

We first consider pure states |¥) of this system with
odd number parity: P|¥) = —| ). These states are then
linear combinations of single fermion states and three-
fermion states, so a general odd state can be written as

(Fig. @ top)

4

W) = (aic]|0) + Bici[0)) (38)
i=1
where |0) = c];cgcgcﬂ()} is the completely occupied state
and |a|? 4 [B|* = 1, with «, 8 four dimensional complex
vectors. It is easily seen that the single hole states ¢;|0)
are

_ 1
al0) = 55 D cimcjele][0), (39)
ikl

where €;;5; denotes the completely antisymmetric Levi-
Civita tensor in dimension 4. The elements of the gener-
alized one-body density matrix (ZII) are then given by

pj? = <C}L‘Ci> = e, — Bif + |BI*6i; (40)
Kij = (cjci) = Zfijklalgkv (41)
k.l

ie., p® = aa’ — BB" + |B|2I;. We now show that the
ensuing eigenvalues f,, of the 8 X 8 matrix p®P are four-



fold degenerate and given by

Ia 1—202(|‘1’>)’

where C(|¥)) is fully determined by the So entropy ([B4),
(W) = \/Sa(p®P) /4 = \Jtx [P (L — p®) — Al ]
4
=2|Blal =2|) Fioil, (43)

i=1

1+

(42)

and plays the role of a pure state fermionic concurrence.
It satisfies 0 < C' < 1, and as will be seen in the next
subsection, it is the generalization of the Slater correla-
tion measure defined in ﬂg, ﬂ] for two fermion states.
It also coincides with the quadratic invariant derived in

| using a spinors classification based approach. The
entanglement entropy (23] becomes

SPP = 4h(f1) = —A(f+ logy fr + f-logy f—) . (44)

Proof. We first consider a unitary transformation ¢ —
Uc of the operators c;, such that

a—Ula, B— DetlUNUTS, (45)

in (B8)), which does not affect the value of C(|¥)) (Eq.
@3)). By choosing an orthonormal basis of C* such
that the original vectors o and 3 are generated by the
first two elements (for instance, e; x a and ey
B — (a'B)a/|al?), we can use this first transformation
to set ag = ay = 0, B3 = B4 = 0 in the new basis. In this

case, Eqgs. ([@0)—HT) lead to
la1? +(B2]? ardy — BB 0 0

Sp __ Qo — ﬂ?ﬁl |042|2 + |Bl|2 0 0
P = 0 0 |/3|2 0 7(46)
0 0 0 |87
00 0 0
00 0 0
"=1oo 0 @b —ape (47)
00 afe —af 0

It is then seen that the diagonalization of p%°P is achieved
through i) a unitary transformation of the operators ¢y,
C2,

c1 = uai +vas, ca = —vaj + uas, (48)
. _ f+—f—=+2¢ . 2 2 1 .
with |3 = /57— and € = || + 83| — 5, which
diagonalizes the first 2 x 2 block of p°P and 1 — p*P, plus
ii) a Bogoliubov transformation of the operators cs, c4,

c3 = u’ag + U'al ) C}l = —17/(13 + u’a}l ) (49)

with | = /L= and ¢ = |8%| - §, which diago-

nalizes the rest of p%P, comprising again two 2 x 2 blocks
2

(Iﬁ\ “134)  These four 2 x 2 blocks have all trace 1 and

+R34 \a\z

determinant C2(|¥))/4, leading then to the same eigen-
values fi of Eq. @2) (a 2 x 2 matrix with trace ¢ and

determinant d has eigenvalues tiivt;_‘ld). O

Note from {Z) that if p®P is diagonal (p°P diagonal
and k = 0) and C(|T)) < 1, then necessarily as = 82 =0
or ; = 1 = 0 in (@@). This implies that after the pre-
vious transformations, |¥) can be written in the normal
form (top right scheme in Fig. [l

) = o’a}|0a) + F'a1|0a), (50)

ie., B o« ', with |05) the vacuum of the a operators,
0a) = alalalal|0a), and |o']2 = fy, [B'? = [ if [o/| >
|8’|, such that C(|¥)) = 2|a/F’|. This state leads to

2 0 0 0

. a 0 |82 0 0
pg P — 1_<(aT> (aT a)> = 0 |/8|O 3 |/8/|2 0
0 ||

On the other hand, in the maximally entangled case
C(J®)) =1, fx = 1/2 and p¥P = I3/2 in any basis,
i.e., after any Bogoliubov transformation. In this case
B = e®a, with |a| = |8] = 1/v/2, and the form (B0) is
obtained just by choosing e; in the direction of c.

It is apparent that if 3 = 0 in (B8]), |¥) can be written
a single fermion state a!|0), where a! = > a;cl. Sim-
ilarly, if @ = 0 |¥) can be written a single hole state
a1|0), with a1 = 3, Bic;. Accordingly, C(|¥)) = 0 in
these cases. The vanishing of C(|¥)) for nonzero but
orthogonal o and B (Eq. ([@3))) generalizes the previous
result, showing that in this case |¥) can still be written
as single quasiparticle (8’ = 0) or quasihole (o/ = 0) af-
ter a suitable Bogoliubov transformation of the original
operators. This includes the three level case where, for
instance, the fourth level is empty, which implies ay = 0
and B; = 0 for i = 1,2, 3, leading necessarily to 8Ta = 0.

We also mention that the four eigenvalues of p*P in
Eq. @G) are fi and |8|?, the latter two-fold degenerate.
Since C(|W¥)) < 2|,

1+ /1= 4aP|3]?
B _ Maxglal, 1817,

fv 5

Y

being then verified that the eigenvalues of p*P are ma-
jorized by those of p®P and hence, that S > S%P,
SiP > S = 4C2(|0)).

Dualization. Egs. 88) and @3] indicate that the state
¢;|0) plays the role of partner or dual of the state c;-f|0>.
We may obtain the partner state with the hermitian op-
erator

1
T = —3 Z Eijkl [cjc}czcl + czcjckcl] (51)
NN

such that for i = 1,...,4, Tcl|0) = ¢;|0), T'e;|0) = ¢!]0).
We can then express Eq. [3) as

C(1¥) = (T|)], |[¥) =T|P)* (52)



where [U)* = 37, a;c0) + Bic;|0) denotes the “conju-
gated” state in this basis. Note that the 8 x 8 matrix that
represents 7' in the basis (c{[0), ..., ¢}]0),¢1]0), ..., c4]0))

is just
(0 1L
(08, -

A generalization of (&Il) for higher dimensions is consid-
ered in .

2. Fven parity states

We now consider pure states of even number parity,
P|U) = |¥). They can be obtained, for instance, by
changing a particle for a hole in the odd-parity states.
An even state is then a linear combination of the eight
states shown in the bottom plots of Fig.[Il comprising the

vacuum |0}, six two-fermion states and the completely

full state |0) = cl{cgcgch()). We can write this state as

4
) = au]0) = Bi[0) + ) ajelel|0) + Biere;|0),  (54)

j=2

which is just Eq. (88]) with the replacements c{ < ¢1 and

0) «+ ¢}]0), implying |0) <+ —c1]0). Notice that
~ 1
c1¢il0) = 5 > enmchel|0). (55)
el

In this notation, the eigenvalues of p%°P are then given by
Eq. (#2) with the same expression {A3) for C(|¥)). The
entanglement entropy S®P is given again by Eq. ([@d).
Notice, however, the minus sign in the term associated
with ;. The expression [@3) reduces to that of [d] for
the case of two-fermion states (ay = 81 = 0).

The state (B4)) is then a Slater Determinant or quasi-
particle vacuum iff C(J¥)) = 0. As a check, the quasi-
particle vacuum ([AT]) corresponds in the present case to

a x (1,T51,T51,Tur),
B o (—=T21Tu3 — T31To4 — Tu1T32, T3, Toa, T32) , (56)

being verified that 2?21 Bia; = 0. Tt is also seen that in
the three-level case (i.e., level 4 empty, implying ay = 0
and §; =0 for j =1,2,3) C(|¥)) is always zero.

The normal form (B0) becomes here

¥) = o/|0a) — #'0a) , (57)

i.e., a superposition of the vacuum and the mazimally
occupied state (bottom right scheme in Fig. [l) for the
diagonalizing quasiparticle operators. Of course, after a
trivial particle hole transformation a; < a;r- for j = 1,2,
we may always rewrite (B7) as a sum of two two-fermion
states, i.e.,

W) = a’abal|0,) + B'alal|0a), (58)

7

which extends the results of [d] valid for two-fermion
states to arbitrary definite parity states.
The dualization operator (BIl) takes here the form

1
T = —c]icgcgcjl — c4CpC3C] — 1 Z eijklcjc;ckcl , (59)

2,5k,

which satisfies

_ _ 1
T|0) = ~[0). T|0) = ~[0), Telc}|0) = 5 D eimcie][0).
k.l

ie., TCICJ{|O> = c¢)0), Teiel0) = CICH()).
It is represented in the special basis {]0),chel|0),
chel[0), chel [0, —10), clehl0), chel[0), cle} )} by the same
matriz [B3). We can then write again C(|¥)) in the form
B2). If a3 = B1 = 0, the ensuing expression reduces to
that of [d].

The two-fermion states considered in E, ﬂ] are only
a particular case of the more general even states (B4]).
For two fermion states the contractions (c;c;) obviously
vanish (k = 0), and the eigenvalues f,, of the generalized
one body density matrix p%°P reduce to those of the one
body density matrix p°P, implying S%P = S%P.

B. Mixed states and analytic evaluation of the
concurrence

The fermionic concurrence for mixed states can be de-
fined by the convex roof extension of Eq. [ 3). For two-
fermion states an explicit expression was derived in ﬂﬂ]
We will here extend this expression to the present general
states (see also [23]). Let

p= Z/\k|‘1’k><‘1’k| (60)
k

be a mixed state with eigenvectors |¥y) and eigenvalues
Ak, with Ay, > 0 for k =1...,r and r < 8 the rank of
p. We will assume that all |¥;) have the same number
parity, such that they are of the form @B8) or 4, i.e.,
W) = S5 aricl|0) + Brici|0) in the odd case. Ev-
ery convex decomposition p = E;;l p;j|®;)(P;| can be
obtained from these eigenvectors through a ' X r ma-
trix U with orthonormal columns (UTU = I,.) such that
VIi1®5) = 3751 Ui v/Ak|¥r). Note that the states |®;)
are normalized, so that p; = > _; M\e|Ujk|?.

The average fermionic concurrence (generalized Slater
measure) of such decomposition is

(C({p;,1®5)})) = ij0(|‘1’j>) = ij|<‘i’j|‘l’j>|
= 1) UpUj/ e (Wk | 01)| (61)
i kil

The matrix C of elements

Cht = VN (T8 = VA (Bl o + Blew),  (62)



is complex symmetric. Therefore, it admits a decompo-
sition of the form ﬂg C = VDVT, where V' is a unitary
matrix and D is a real diagonal matrix whose diagonal
elements di > 0 are the square root of the eigenvalues
of CCt = CC, sorted in descending order. Defining
S =UV, Eq. [€I) then reads

=>01> 0 SPdil .- (63)
j k

Since 371305 Shedkl = 32;(da]SH ] — Xopso [S5ldr) =
di — Y ;> dk, a necessary condition for the “separabil-
ity” of p, i.e., for p to be a convex mixture of Slater
determinants with the same number parity, is

dy <Y dr. (64)

k>2

(C{pj, [25)}))

As in the case of two fermion states, we will now show,
following the scheme of ﬁ], that this is also a sufficient
condition for separability. Indeed, from (G3]) it is seen
that p is separable if there is a matrix S with orthonormal
columns such that for every j,

1> diS5| =o. (65)
k=1

Now, provided condition (G4) is fulfilled, there are always
phases O,k = 2,.,r such that di = |>,_, dge%*|.

et Ok thjp™)
o~ )

Then a matrix with elements Sj;, = where

wir = 0,1 and 67 = 0, will give the desured decompo-
sition if the signs e”‘f’“’r can be arranged such that the
condition STS = I, is satisﬁed This can be ensured
bytakingr =2ifr =21 = ifr_34ﬂg]and
r=8if 5 <r <8, Wherewecansetujl =0V j and
(/’leu"'ullﬂk) as (0 0 0 0 1717171)7( ) 71717 7071 1)
(050715171517050) (05170 70715031)7( ’ 707 ) 05150)
(0,1,1,0,0,1,1,0),(0,1,1,0,1,0,0,1) for & = 2,...,8.
This completes the proof.

On the other hand, if condition (4] does not hold, the
average (G3) is not smaller than dy — ), _, di. This lower
bound may be achieved with the same construction used
above, choosing 0 = 7/2 for k > 2. Then, the mini-
mizing decomposition is that where all the components
have the same concurrence, which is the concurrence of
the state p,

)

=Ming,, jo,)} Y 0;C(12;)) = Max([dy — Y _ di, 0]
j k=2

C(p)
(66)

Using the dualization matrix (E3)) we may also obtain the
eigenvalues dj, as those of

pL/2Tp*Tpt/2, (67)

where p* means conjugation in the basis where 7" takes

the form (B3)).

Once C is obtained, we can evaluate the convex roof
extension [B1) of S¥P as

E%P(p) = 4h(L2—C2(p)) , (68)

in the same way as in the two-qubit case Hﬁ], since for
14+4/1-C2(|T))
— )

which is a convezr increasing function of
1+4/1-C2(p)
2

pure states we have similarly S¥P = 4h(
(Eq. @),
C(]¥)). The quantity is also the maxi-
mum fidelity between p and a convex mixture of gaussian
states, as shown in [22] with a different treatment based
on group-theoretical methods.

A general mixed state p satisfying [p, P] = 0 will be a
convex mixture of pure states with even and odd number
parity. It can be written as a convex mixture of even and
odd parts, i.e.,

p=p+p+tp_p—, (69)

where pL = 1+ P)p are the even and odd com-

(
2Pi
ponents of p and pr = Tr p(1 £+ P)/2 the corresponding
probabilities. Since we just consider pure states with def-
inite number parity, for the general mixed states ([G3) we
may just take E%P(p) = p, EP(p, ) +p_E¥P(p_), with
E%P(p, ) evaluated with Egs. ([60) and (GS]).

As illustration, we consider a definite parity mixture of

a maximally entangled state |¥) (C(|¥)) = 1) with the
fully mixed state,
p=p W)Y+ (1 —p)s/8, (70)

where 0 < p < 1.
written in the form

In the odd parity case, |¥) can be

) = J5(cl[0) + c1[0) = J5 (el + chebel)lo),  (71)
whereas in the even parity case we can take |¥) =
%GO} +10)) or \[(0162 + chel)|0). A direct calculation
using ([G0) leads to

C(p) = Max["2:2, 0], (72)
indicating entanglement for p > 3/7, ie. ¢ > 1/2,
where ¢ = (U|p|¥) = p+ (1 — p)/8 is the total weight
of |¥). A similar calculation but considering just two-
fermion states, py = p|\11>g\11| + (1 — p)Is/6, leads in-
stead to C(p2) = Max[w’T*,O], implying entanglement
above a slightly smaller value of p (p > 2/5, entailing
again ¢ = p + (1 — p)/6 > 1/2), with C(p2) > C(p) for
p € (2/5,1). As in the two-qubit case, the existence of
a finite threshold probability p for non-zero C' and hence
E9P implies a finite limit temperature for entanglement
Ty, if p represents a thermal state (m o e BlEo—E1)
with Ey the energy of |¥) and E; > Ej that of remaining
7 levels), which is larger in the second canonical case.



IV. CONCLUSIONS

We have presented a general consistent formalism
for describing entanglement-like correlations in general
fermion states with no definite fermion number yet fixed
number parity. We have first defined a single level en-
tanglement entropy that quantifies the entanglement be-
tween a single-particle mode and its orthogonal comple-
ment, through the definition of suitable reduced states
for such a partition of a given basis of the single-particle
space. The sum over all sp modes of this entropy, S,
can be taken as a measure of the total entanglement of
the system with respect to this basis, and its minimum
over all sp bases, S°P, was shown to be a function of
the one-body density matrix, being then invariant with
respect to unitary transformations in the single-particle
space. Moreover, if minimization is extended over all
quasiparticle basis, the resulting entanglement entropy,
SPPis a function of the generalized one-body density
matrix, remaining therefore invariant under general Bo-
goliubov transformations. Such entropy vanishes iff there
is a single particle or quasiparticle basis in which ev-
ery level is separable from its orthogonal complement,
i.e., iff each of these levels is either empty or occupied.
These entanglement entropies satisfy the inequality chain
Se > S%P > SBP. The convex roof extension of S%P was
also introduced, its vanishing rigorously identifying “clas-
sically” correlated mixed fermion states which can be ex-
pressed as convex mixtures of pure states or quasiparticle
vacua, like those emerging at sufficiently high tempera-
tures in interacting many-fermion systems through ap-
proaches like the SPA.

In the case of fermion systems with four single particle
levels, a fermionic analog of the two-qubit pure state con-
currence was defined in terms of p®°P | which reduces to
the Slater correlation measure defined in E, ﬂ] for two-
fermion states. The eigenvalues of the generalized one-
body density matrix, which are four-fold degenerate, can
be written as functions of this concurrence and conse-
quently, the entanglement entropy SP is related to the

fermionic concurrence by an expression analogous to that
of the two-qubit case. This result suggests that “particle
entanglement” may be seen as a minimum “mode en-
tanglement”. For mixed states with fixed number parity
of this system, an explicit expression for the fermionic
concurrence, defined as the convex roof extension of the
pure state concurrence, was derived, in complete anal-
ogy to the two-qubit case, which generalizes the result of
ﬁlﬂ] and provides a closed analytic expression for the
convex roof extension of SUP.
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Appendix A: Quasiparticle vacuum

According to Thouless theorem [Bd] the vacuum |0g)
of the quasiparticle fermion operators ([[d) is given, if
Det U # 0, by 4]

0a) = VGXP[% Z” TZ7CZC;]|O>
=1+ 33, Tycled +..])0),

)

(A1)

where v = y/|Det U| and T = —U 1V is an antisymmet-
ric matrix, with |0) the vacuum of the ¢; operators. Eq.
(AJ) can be verified by directly applying a, to (AI) (if
DetU = 0, |0,) can be obtained by applying additional
creation operators c;- to Eq. (A)).
If |[U) = |04), then f, = (0g|ala,|0) = 0V v, imply-
ing S¥P = (. However, it is easy to see that
PP =1—(0alcc’|0g) = VVT, (A2)
implying S > 0 if V' # 0. The eigenvalues py of pP
are then just the square of the singular values of V. The
state |U) appears, therefore, mixed at the sp level, re-
flecting that it cannot be written as a Slater determinant
in operators of the form ([I3).
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