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Abstract 

Matrixmultiplicationistakenasatestbedforparallelprocessingonheterogeneousnetworksof
workstations(localareanetworks)usedasparallelmachines.Twoalgorithmsareproposedtaking
intoaccountthespecifickindofparallelhardwareprovidedbylocalareanetworks,and
experimentationisusedtodrivetheevaluationandidentificationofpossibleperformanceloss.A
specificbroadcastcommunicationbetweenprocessesofaparallelapplicationisalsoproposed,
takingadvantageoftheEthernetinterconnectionnetworktoachieveoptimizedperformance.A
specialemphasisisplaceonalreadyinstallednetworksofworkstations,whichprovideahardware
zerocostparallelcomputer;butahomogeneousBeowulf-classsystemisusedtoshowhowthe
algorithms are also useful on current classical high performance parallel computing with clusters. 

Keywords:ClusterComputing,HeterogenousParallelComputers,HighPerformanceComputing,
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1.- Introduction

Computationintensiveapplicationstakeadvantageofthegrowingprocessingpowerofstandard
workstations‚alongwiththeirlowcostandtherelativelyeasywayinwhichtheycanbeavailable
forparallelprocessing.Usually,computationintensiveareashavebeenreferredtoasscientific
processing,suchaslinearalgebraapplications,whereagreatefforthasbeenmadeinorderto
optimizesolutionmethodsforserialaswellasparallelcomputing[1][2].Alongwiththedefinition
oftheLAPACK(LinearAlgebraPACKage)library,linearalgebraoperationsarecharacterizedin
termsofmemoryaswellascomputingrequirements.BLAS(BasicLinearAlgebraSubroutines)
definitiononthreedifferentlevels(Level1,2,and3)representsthemainresultoftheseefforts.It
hasbeenshownthatroutineswithinLevel3BLASarethemostappropriatetobeoptimizedin
ordertohaveoptimizedperformanceinsequentialandparallelcomputers[4].Also,ithasbeen
shownhowthecompleteLevel3BLAScanbeimplementedusingmatrixmultiplication[6].Allof
thisleadstochoosingthematrixmultiplicationasthemainoperationtobesolvedinsequentialas
well as parallel computers.
Ontheparallelhardwareside,installednetworksofworkstationsthatcanbeusedforparallel

processingprovidea“hardwarezerocostparallelcomputer”.Hardwareinstallationaswellas
maintenancecostis“zero”,becauseLANsarealreadyinstalledandeachcomputerhasitsown
applicationprograms,user/s,etc.,independentlyofparallelcomputing.However, parallel



computingontheseplatformsisnot“zerocost”.Eveniftheminimuminstallationoflibrariesfor
developingandrunningparallelprograms-suchasPVM(ParallelVirtual Machine)[3]or
implementationsofMPI (MessagePassingInterface)[7]-arediscarded,thereareothercosts
involved, such as applications parallelization and computers availability. 
Theparallelizationofapplicationsrepresentsoneofthemain costsinvolvedinparallel

computing,sincetheredoesnotexistagenerallydefinedguidelinetobeapplied.Also,debugging
parallelsoftwareisstilloneofthemaindrawbacksforparallelprocessinginthisarea.Toobtainan
acceptableperformance,parallelalgorithmsaredesignedhavingintoaccountthehardware.This
leadstohavingcertainalgorithmsforatasktobesolved(efficientlyenough)bycertainparallel
computers.Inthiscontext,networksofworkstations,clusters,orLANconstituteanewkindof
parallelcomputerstakingintoaccountthata)thecomputinghardware(processors)isusually
heterogeneousonalreadyinstalledLAN,andb)theinterconnectionnetworkisusuallyEthernet
based.Thesetwofactorsimplynewproblemsinparallelapplicationsinordertoobtainacceptable
performance,suchas:a)computingworkload,whichshouldbeassignedaccordingtothecomputers
relativespeed,andb)specialconsiderationsshouldbetakenforthecommunicationpatternbetween
processes,becauseEthernetimposesunavoidableperformancepenalties(highstartuptime-lowdata
bandwidth). 
Section2describestwomatrixmultiplicationalgorithmsalongwithgeneralguidelinesforthe

parallelization.TheexperimentalevaluationispresentedinSection3,alongwiththeconsiderations
foranoptimizedbroadcastmessage.Section4presentstheimmediateconclusionsbasedonthe
experimentalwork aswellasfurtherwork intendedtoimprove/explorealgorithmicand
performance issues. 

2.- Two Parallel Matrix Multiplication Algorithms

Twoalgorithmsforparallelmatrixmultiplicationareproposedtakingintoaccountdistinguishing
characteristicsofheterogeneousNOW,oneofthemalreadypublishedin[9].Botharebasedinthe
samedatadistribution,whichismadeaccordingtotherelativeprocessingpowerofeachcomputer.
Thisrelativeprocessingpowercanbeobtainedinseveralways;twoofthemwouldbe:1)usinga
generalbenchmarksuite,suchasthatproposedbytheSPEC[5],2)usingan“adhocbenchmark”
according to the application area, or a short version of the application. The latter approach is chosen,
evenattheexpenseofgenerality,because:itismorespecificanditthusrendersmoreaccurate
values,andb)itissimpleratleastinthisapplication,becauserunningamatrixmultiplicationis
easierthaninstallingandrunningageneralbenchmarksuiteoneachmachine.Therelative
processingpowerofeachcomputerws0,...,wsP-1,isnormalizedobtainingpwisuchthatpw0+...+
pwP-1 = 1. 

2.1 Common Data Distribution

IfsquarematricesofordernareinvolvedinthematrixmultiplicationC=A×B,datadistributionto
computers is defined in terms of row blocks for matrices A and C and column blocks for matrix B:
wsi contains rAi = n×pwi rows of matrix A,

wsi contains rCi = n×pwi rows of matrix C (rCi = rAi), and

wsi contains cBi = n/P columns of matrix B.

where x denotes the greatest integer number such that x ≤ x.
Thus,thenumberofrowsofmatrixA(andC)assignedtoeachwsi,(rAi)isproportionaltothe

computerrelativeprocessingpower.Thisdatadistributionisnotuniformwhenthemachinesare
heterogeneous.Accordingtothepreviousdefinition,itispossiblethatdr=rA0+...+rAP-1<n.The



remainingrowscanbeuniformlydistributedamongcomputers,ws0,...,ws(n-dr-1),onerowforeach
computer.GiventhattheusualcaseisP<<n,thisreassignmentofrowscanbeconsidered
irrelevantfromthepointofviewofproportional(accordingtothemachinesrelativeprocessing
power)datadistribution.Thesamekindofreassignmentcanbeaccomplishedwithdc=cB0+...+
cBP-1columnsofmatrixB.Fig.1showsthisdatadistribution,wherewsicontains:a)A(i),thelocal
blockofmatrixA,rAi×nelements,b)B(i),thelocalblockofmatrixB,n×cBielements,andc)C(i),

thelocalblockofmatrixC,rAi×nelements(rCi=rAi).AlsoinFig.1isshownthatwsihaslocal
data only for a fraction of the local submatrix C(i), C(ii). 

 

Figure 1. Local Data and Partial Computing in wsi.

2.2 Algorithms

ThecompleteC(i)willbecalculatedasasequenceofmatrixmultiplicationsC(ij)betweenA(i)andB(j)

blockswithj=0,...,P-1.Thereareseveralwaysofarrangingcomputingandcommunicationsteps
inordertohavethecompletesubmatrixC(i)calculatedoneachwsi.Fig.2showsthepseudocodeof
thelocalprocessinginwsiforbothoftheparallelalgorithms.InFig.2.a,SeqMsg,every
communicationiscarriedoutpriortothelocalcomputingstep,imposingasequenceof
communication-computingsteps.ThepseudocodeinFig.2.b,OvrMsg,isarrangedtomakeuseof
overlappedcommunicationinthecomputerswhereitisavailable.Theoperationssend_broadcast_o
andrecv_broadcast_oareusedtosendandreceivebroadcastdatain“background”,i.e.overlapped
withotherprocessinginthecomputer.Performingoverlapped(inbackground)communication
whilecomputingdependsonmanyfactorssuchastheNIC(NetworkInterfaceCard)hardware.
HeterogeneousmachinesinaLANdonotnecessarilyhavethisfacilitythoughitwillbeusedwhere
available.

           

                        a) Sequential Steps (SeqMsg)          b) Overlapped Communication (OvrMsg)

Figure 2. Local Computing on wsi for Two Parallel algorithms.

Bothalgorithmshavewelldefinedcharacteristics,whicharetakenasguidelinesforthe

ws
i

for (j = 0; j < P; j++)

{

   if (j == i)

      send_broadcast B(i)

   else

      recv_broadcast B(j)

   C(ij) = A(i) × B(j)

}

A(i)

C(i)  C
(i0)C(i1) C(iP-1)

B(i)
if (i == 0) 

   send_broadcast B(i) 

for (j = 0; j < P; j++){

   if (j != i){

      recv_broadcast_b B(j)

      if ((j+1) == i)

         send_broadcast_b B(i)

   }

   C(ij) = A(i) × B(j)

}

A(i)

C(i)  C
(i0)C(i1) C(iP-1)

B(i)

ws
i

n

C

C(i) pw
i
n

A

A(i) pw
i
n

n
B

B(i)

n/P

j

n/P

j



parallelizationoflinearalgebraoperations:a)SPMD(SingleProgram-MultipleData)model,b)
broadcast-based,orientedtotakingadvantageofthemostusedhardwareinterconnectioninLANs:
Ethernet,c)coarsegranularity,whichisalwaysagoodapproachandevenbetteronhighstartup
time-low data bandwidth networks.
SeqMsgisverysimpleandorientedtowardssynchronizedandsimultaneouscomputingoneach

machine.However,thecommunicationstepsimplyahugeperformancepenaltyonEthernet-based
LAN.Itcanbeusedfortheevaluationoflocalcomputingaswellascommunicationperformance.
OvrMsgisorientedtoobtainthemaximumperformanceofthecompleteparallelprocessingtaking
into account computing and data communication.

3.- Experimental Evaluation

Twoinstalledlocalareanetworkswereusedtoevaluatebothalgorithmsbyexperimentation.The
computersononeofthenetworks(LQT)areheterogeneous,andtheirdetailsareshowninTable1;
theyareinterconnectedby10Mb/sEthernet.Thesecondnetwork(LIDI)ishomogenouswitheight
identicalcomputers,whosecharacteristicsaresummarizedinTable2;theyareinterconnectedby
100 Mb/s switched Ethernet.

Table 1. Characteristics of the LQT LAN Computers.

Name CPU Clock Mem Mflop/s

lqt_07 Pentium III 1 GHz 512 Mb 625

lqt_06 Pentium III 1 GHz 512 Mb 625

lqt_02 Celeron 700 MHz 512 Mb 479

lqt_01 Pentium III 550 MHz 512 Mb 466

lqt_03 Pentium II 400 MHz 512 Mb 338

lqt_04 Pentium II 400 MHz 512 Mb 338

Table 2. Characteristics of the LIDI LAN Computers.

Name CPU Clock Mem Mflop/s

lidipar{14, 13, 12,
9, 8, 7, 6, 5}

Pentium III 700 MHz 64 Mb 579

OntheLQTnetwork,thematrixsizeusedintheexperimentsis5000×5000elements,whichis
thegreatestsizewhichdoesnotimplyusingswappingspaceduringmultiplication.OntheLIDI
network,thematrixsizeis2000×2000elements.Initially,theimplementationwasmadeusing
PVM. The same results were obtained using the broadcast (in a group) and the multicast message.
TheresultsintermsofthespeedupvalueontheLQTnetworkareshowninFig.3.a.The

referencevalueofthesequentialalgorithmwastakeninthefastestcomputer(lqt_07),asexpected
inheterogeneousnetworks[10].Computersareincluded(indicatedbya“+”prefixedtothename)
tothe“parallelvirtualmachine”accordingtoitsrelativeprocessingpowerfollowingtheusual
better-to-worseapproach.Thespeedupvaluesshownas“Opt”aretheoptimalexpectedforeachset
of machines. The obtained performance is clearly unacceptable for both algorithms.
Fig.3.bshowsthelocalexecutiontimesoneachcomputertakenwithOvrMsgwhenthesix

machinesareused,correspondingtothelastspeedupvalueshowninFig.3.a.Mostoftherunning
timeeachcomputeriswaitingfor(executing)amessage.Theaveragecomputingtimeis
approximately110swhiletheaveragetimeusedforcommunicationsisapproximately629s.The
samekindofbehaviorinperformance(localrunningtimes)isfoundforeverycombinationof



computersandalgorithms.Evidently,theperformancelossisduetocommunications.Considering
that:a)awholematrix,B,istransmittedusingbroadcastmessages,b)everymatrixissquareof
order5000,c)Ethernetbroadcastfacilityisused,andd)assuming(ratheroptimisticallyonEthernet
10Mb/s)1MB/sdatarate,theexpectedtimeforcommunicationsisabout100s.Then,thePVM
broadcast is the origin of the performance penalty imposed to the application.

Name Comp. time Comm. time 
 lqt_07 89.21 657.71
 lqt_06 89.15 657.57
 lqt_02 109.13 637.87
 lqt_01 174.52 572.56
 lqt_03 92.79 654.50
 lqt_04 102.52 592.84

   Comp. time: total local running time for C(i) (in seconds).
   Comm. time: total local waiting time for communications (in seconds).

          a) Speedup values using PVM b) OvrMsg(PVM) local times

Figure 3. Algorithms Performance with PVM on LQT (5000×5000).

TheperformanceofthealgorithmsisnotbetterontheLIDInetwork,whichhasa10times
faster(Ethernet100Mb/s)interconnectionnetwork.Experimentalresultsintermsofspeedupvalue
ontheLIDInetworkareshowninFig.4.a,wherethenamesofthemachinesareshortenedtosave
space.Fig.4.bshowsthelocalexecutiontimesoneachcomputertakenwithOvrMsgwhenthe
eight machines are used, corresponding to the last speedup value shown in Fig. 4.a.
Afacilityisneededforbroadcastingmessagesbetweenapplicationprocesseswhichtake

advantageoftheEthernetbroadcastfacility.Thelowlikelihoodoffindingalibrarywithabroadcast
messageimplementedinthiswayismainlydueto:a)thegeneralpurposenatureofthelibraries,
suchasPVMandMPI,andb)the(usually)largenumberofmessageoperationsprovidedbythe
libraries,whichimplieshavingalittlenumberofoptimizationstoreduceimplementationand
maintenancecosts.Also, ifthepreviouslymentionedbroadcast-basedguidelineisusedfor
parallelization,thedesignandimplementationofanoptimizedversionofthebroadcast
communication between processes of parallel programs are highly encouraged. 

Name Comp. time Comm. time 
 lidipar14 3.78 13.49 
 lidipar13 3.75 13.52 
 lidipar12 3.73 13.54 
 lidipar9 3.74 13.54 
 lidipar8 3.73 13.55 
 lidipar7 3.74 13.54 
 lidipar6 3.72 13.56 
 lidipar5 3.73 12.08 

          a) Speedup values using PVM b) OvrMsg(PVM) local times

Figure 4. Algorithms Performance with PVM on LIDI.

AnewandbroadcastmessagebasedontheUDPprotocol[8]wasimplementedtoreplacethe
PVMbroadcastintheexperiments.ThisnewfunctionisindependentofPVM.Theexperimental
resultsintermsofspeedupvaluesontheLQTandLIDInetworksareshowninFig.5.aandFig.5.b
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respectively.Ineverycase,thesamealgorithmswiththenewUDP-basedbroadcasthavebetter
values than those obtained with PVM (Fig. 4). Further conclusions can be drawn from Fig. 5:
1.SeqMsg(UDP)andOvrMsg(UDP)performanceisimprovedwhenmorecomputersareincluded
tosolvethematrixmultiplication,asatleastexpectedforthegranularitylevelgivenbythe
matrix size and the interconnection network performance (among other factors).

2.ThedifferencebetweenSeqMsg(UDP)andtheoptimum(Opt)speedupvaluesisthereal
performancepenaltyimposedmainlybydatacommunications.Theoptimumspeedupvaluesdo
not take into account any data communication. 

3.Computersareabletooverlapcommunicationwithcomputinginatleastafractionofthe
computingtime.ThisisshownbythespeedupvaluesofOvrMsg(UDP),whicharehigherthan
those obtained by SeqMsg(UDP). 
DifferencesbetweenOvrMsg(UDP)andSeqMsg(UDP)intheLQTnetwork,Fig.5.a,are

greater than in the LIDI network, Fig. 5.b, and this may be due to:
ApplicationgranularityisgreaterontheLQT,becausematricesoforder5000elementsareused
(matricesoforder2000areusedintheLIDInetwork).Thisimpliesmoretimetocommunicate,
butalsomoretimetocompute,andthecomputingtimegrowsO(n3)comparedtotheO(n2)
growth in communication.
The LIDI network is 10 times faster than the LQT network which, among other facts, implies that
communicationtimeislessimportantinthetotalexecutiontime,andthisimpliesthatevery
otheroverhead(operatingsystem,libraryfunction,etc.)becomesmorerelevantandisnot
avoided by the use of an optimized broadcast function.

 a) LQT Network (5000×5000)           b) LIDI Network (2000×2000)

Figure 5. Algorithms Performance with UDP on LQT and LIDI.

4.- Conclusions and Further Work

Twoalgorithms(SeqMsg andOvrMsg), specificallydesignedforheterogeneousnetworksof
workstationsarepresentedandtheirperformanceisverifiedbyexperimentalwork.Bothfollowthe
guidelinesfortheparallelizationoflinearalgebraoperations:a)SPMD(SingleProgram-Multiple
Data)model,b)broadcast-based,andc)coarsegranularity.Itisshownthatthealgorithmsdonot
haveacceptableperformanceduetotheoverheadsimposedbythePVMlibrary,morespecifically,
broadcast and multicast messages.
Havinginmindthegeneralguidelinestoparallelizelinearalgebraoperations,(inparticular,

broadcast-basedparallelapplications),aUDP-basedbroadcastmessagebetweenparallelapplication
processesisdesignedandimplemented.ThisversionofbroadcasttakesadvantageoftheEthernet
broadcastandtheexperimentalworkshowsasubstantialimprovementinperformance.Also,itis
shownthatmostofthecurrentlyinstalledcomputers(or,atleast,thePCsused)arecapableof
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overlapping communication with computing in at least a fraction of the processing time.
Theproposedparallelmatrixmultiplicationalgorithms(SeqMsg andOvrMsg) arespecially

designedtoavoidperformancepenaltiesinheterogeneousLANusedforparallelprocessing.While
SeqMsgcanbeusedtohaveanaccuratemeasureofdatacommunicationweightinthetotaltaskto
besolved,OvrMsgtendstotakeadvantageofcommunicationoverlappedwithlocalprocessing
facility in the computers where it is available.
Matrixmultiplicationisrepresentativebutitisnottheonlylinearalgebraoperationthatshould

beparallelized.TheinitialextensionofthiswokisaddressedtotheotheroperationsincludedinL3
BLAS.ThenextstepisorientedtowardsthecompleteLAPACKlibrary,inparticularthosehaving
thehighestrequirementsincomputingpower.Thenextstepisevenbroader,includingnumerical
computing not included in the linear algebra area.
Furtherworkisnecessaryinthelineofusingmorethanonelocalareanetworkormorethan

oneclusterinordertosolveoneormoreoperationsinparallel.Itisclearthathavingtwoormore
LANimpliesmanynewandnotmeasuredcharacteristics,suchasthedifferenttransmissiontimes
dependingonthelocation(i.e.LAN)ofthemachinesbeingcommunicated.Also,theUDP-based
broadcastshouldbeintensivelyandextensivelyevaluatedinthepresenceofmultipleinter-LAN
(IP) routers, each with its own communication (possibly different) performance. 
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