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Abstract. Decision-making can be fostered by knowledge extraction
methods such as that of Formal Concept Analysis (FCA). On top of that,
information is not available as a whole at all times in certain contexts,
such as when it is distributed, and consulting all of it would be too time-
consuming. However, there only exists one algorithm for concept lattice
batch computation that does not require full knowledge of the entire
set of attributes. But batch algorithms are not best suited for stream
processing. For that reason, in this article, we present an incremental
algorithm for computing a concept lattice coming from an arbitrarily
distributed formal context. And finally, we compare its complexity with
that of the existing distributed algorithm.

Keywords: Decision-making systems · Incremental algorithm · Formal
Concept Analysis · Algorithm Complexity.

1 Introduction

Introduced by Wille in [16], Formal Concept Analysis (FCA) is a mathematical
framework that provides a systematic approach to analyzing complex decision-
making systems by modeling relationships between concepts and attributes. At
its core, FCA explores the inherent structure of data through the identification
of formal concepts, which represent sets of objects sharing common properties.
These concepts are organized into a lattice structure, often referred to as concept
lattice, where each concept represents a combination of attributes that define a
particular decision criterion or classification rule. By leveraging the principles
of lattice theory and order theory, FCA facilitates the exploration of decision
spaces, enabling decision-makers to identify relevant patterns, dependencies, and
decision rules within their datasets.
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FCA has found applications in various domains, including data mining [11, 3],
knowledge representation [4, 15], and information retrieval [12], due to its abil-
ity to uncover hidden relationships and structures in data. In decision-making
systems, FCA serves as a powerful tool for knowledge extraction and decision
support, allowing decision-makers to derive actionable insights from complex
datasets. By formalizing the relationships between concepts and attributes, FCA
enables decision-makers to analyze decision criteria, evaluate alternatives, and
identify optimal courses of action. Moreover, FCA provides a principled frame-
work for handling uncertainty and ambiguity in decision-making processes, mak-
ing it a valuable asset for organizations seeking to improve their decision-making
capabilities.

Several algorithms exist to compute the concept lattice of a formal context
(i.e., objects and their attributes). These algorithms are usually categorized into
two categories: batch and incremental. The first one comprises algorithms that
have full knowledge of the whole input (i.e., the formal context), and compute
the concept lattice with it [1, 10]. The latter includes algorithms that do not
know the whole set of objects in advance, and update the current lattice as they
arrive [9]. Moreover, contrary to batch algorithms, incremental algorithms have
the advantage that they can be used in stream processing applications, because
they do not need to recompute everything from scratch every time a new object
is added to the context. However, incremental algorithms consider that the set
of all attributes is known from the beginning, which might not be the case in all
scenarios.

Goel and Chaudary in [6] present an algorithm to compute a concept lattice
in a distributed environment, where the formal context is arbitrarily distributed.
In other words, since there are no constraints in how the formal context (i.e.,
object, attributes, and the incidence relationship) is distributed across nodes,
not only all objects are unknown in advance, but neither the attributes are.
Additionally, the algorithm leverages the advantages of the Apache Spark1 batch
streams, making it suitable to analyze static snapshots of the stream. Therefore,
the algorithm they present falls into the batch category, even if the batch comes
from a data stream. Nevertheless, an algorithm that takes advantage of the
concept lattice already being computed would be necessary to aid the flexibility
and usability of FCA.

Since to the best of our knowledge, no algorithm exists to incrementally
compute a concept lattice from arbitrarily distributed formal contexts, in this ar-
ticle an algorithm to do so is presented. Moreover, its computational complexity
bound is studied. In addition, a discussion on different approaches to address
the problematic is provided.

This work is structured as follows, section 2 presents necessary notation and
concepts to understand the contents of the article. Moreover, it presents the
algorithm of Goel and Chaudhary as the only related know to the best of our
knowledge. Then, section 3 presents the AddPair incremental algorithm for lat-
tice construction coming from an arbitrarily distributed formal context. Further-

1 https://spark.apache.org/
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more, section 4 carries on with a discussion on the big O complexity bound of
both algorithms. And finally, in section 5, the conclusions and future work are
presented.

2 Preliminaries and Related Works

In this section, preliminary notation will be given so that the rest of the article
is easier to follow. Furthermore, the related work [6] is presented in detail.

2.1 Formal Concept Analysis

Firstly, let us define the core formalities of FCA,

Definition 1. A formal context K is a triple ⟨G,M, I⟩, where G is a set of
objects, M is a set of attributes, and I is an incidence matrix where iIj if gi ∈ G
has the attribute mj ∈ M , and i�Ij otherwise.

Let ′ be the derivation operation on a set of objects X ⊆ G (dually, on a set
of attributes Y ⊆ M) given by

X ′ = {m ∈ M | ∀g ∈ X, gIm}
Y ′ = {g ∈ G | ∀m ∈ Y, gIm}

A formal concept is a pair C = ⟨X,Y ⟩ where X ⊆ G, Y ⊆ M , X ′ = Y , and
Y ′ = X. X is called the extent and Y the intent. In other words, if we add any
attribute to Y , then (Y ∪ {m})′ ⊂ X for m ∈ M ∧ m /∈ Y , and analogously, if
we add any object to X, X∪{g} ⊂ Y for g ∈ G ∧ g /∈ X. With these definitions,
the set of all formal concepts, typically noted with the letter C, and the relation
of inclusion of extents (≤) form the so-called concept lattice, which is a partially
ordered set, and is usually noted with the letter L = ⟨C,≤⟩.

2.2 Goel and Chaudhary’s Algorithm

Multiple algorithms exist to mine formal concepts from a given data-set on
standalone and single threaded systems. However, these algorithms are restricted
in applicability as the size of the context increases. One of the reasons why this
happens is that lattice construction algorithms are inherently exponential in the
worst case: the amount of formal concepts is bound by 2O(|G|+|M |). Consequently,
interest in finding distributed solutions that would reduce the time for mining
as well as enable distributed storage using low-cost networked computing nodes
has been spurred by these limitations.

For instance, it has been successfully used in a distributed environment in
[2], but in conjunction with the extensions called Fuzzy Formal Concept Anal-
ysis (i.e., an extension of FCA [8] where the incidence matrix is a relation
I ⊆ G × M → [0, 1]) and Temporal Concept Analysis ([17]). This work takes
advantage of the fuzzy and temporal characteristics of the extensions in order
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to deal with the exponential growth of the fuzzy lattice. In addition, numerous
works have been conducted to address the problem of scalability by leveraging
the MapReduce paradigm. However, these algorithms encounter constraints that
hinder their scalability the larger the formal context size gets. One of these con-
straints involves the necessity to store the entire context on every node, while
the other is weighed down by significant communication overhead at the con-
clusion of each iteration. In practical scenarios, we encounter extensive datasets
that exceed the storage capacity of a single machine. For instance, consider a
dataset comprising emails sent by customers to a company, which may be uti-
lized to identify correlations among customers. Another illustration could be an
e-commerce platform that provides a diverse array of products to its customers,
aiming to categorize customers based on their specific product browsing behav-
iors.

In the light of this context, in [6], the authors present an algorithm for com-
puting concept lattices from an unconstrained (i.e., arbitrarily distributed) for-
mal context. The algorithm utilizes the Apache Spark MapReduce framework
and leverages its core abstraction called Resilient Distributed Dataset (RDD).
In their approach, the formal context is only used at the beginning of the algo-
rithm to generate a distributed collection of key-value pairs (object-attribute if
|G| < |M |, or attribute-object otherwise). Then, they generate a new key-value
pair from an existing one representing the formal concepts of size k, with k ∈ N.
The process is repeated until k = |G| and, as a result, all formal contexts have
been generated.

Going more in depth, we will first set a common ground on what MapReduce
is. Generally, we can think of it as a computational model where two operations
can be performed: map and reduce. Map refers to a function applied to every
element of the input, and reduce is the combination of the results performed by
the map step. Typically, the map is the operation that is expected to leverage
concurrency, while reduce is the one that “combines” the results computed in
several nodes. In Figure 1, a basic example is given, where a driver node first
performs a map(∗2) which makes each node to multiply every value (assuming
they are all numbers) by two. Then, it performs a reduce(+) which combine the
results of the map, returning the sum of the results performed in each of the
nodes.

More precisely, the algorithm proposed in [6] can be summarised as follows,

Input: A key-value pair P of object-attribute or attribute-object, i.e., ⟨g,m⟩
such that g ∈ |G| ∧ m ∈ |M | if |G| < |M |, ⟨g,m⟩ otherwise.

Output: An RDD C with pairs ⟨k, v⟩ where k is an extent (or intent if |M | <
|G|), v an intent (or extent), and ⟨k, v⟩ ∈ C iff ⟨k, v⟩ is a formal concept from
the underlying formal context K = ⟨{π1(p) | ∀ p ∈ P}, {π2(p) | ∀ p ∈ P},P⟩.

Procedure: Since mining concepts on a formal context or its transpose yields
the same result, the authors chose to aggregate data by objects or by attributes,
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Fig. 1: Basic Map Reduce example.

depending on which one has the lower count. To make this decision, they utilize
the countApproximate function present in Apache Spark, that does not need to
actually count all the elements on each dimension. Once the dimension is chosen,
and assuming for simplicity that the objects are more than the attributes, the
idea of the algorithm relies on generating candidate formal concepts by key size
(i.e., attributes in this case).

The generation of candidate formal concepts of size 1 (referred as CC1) is
performed by aggregating pairs on the key as an id in the following way,

CC1 = {⟨g,M⟩ | g ∈ G ∧ M = {m | ⟨g,m⟩ ∈ P}} (1)

Then, an iterative process is defined based on the candidate set of formal con-
cepts CCN consisting of key-value pairs (as defined in Equation 1) ⟨KN , V ⟩ of
keys with size N . First, let us define KN+1 by considering KN to be lexicograph-
ically ordered, i.e., ki ≤ ki+1∀i ∈ [1, l) for KN = {k1, k2, . . . , kl}. Given two keys
of size N with their first N elements in common, PN = {e1, e2, . . . , en−1, a} and
QN = {e1, e2, . . . , en−1, b}, a new key of size N+1 would be generated as follows:

KN+1 = e1, e2, . . . , en−1, a, b (2)

Then, CN+1 is defined by combining all possible combinations of lexicograph-
ically ordered keys in CCN ( l(l−1)

2 combinations where |CCN | = l) by us-
ing the formula Equation 2. And finally, given PN = {e1, e2, . . . , en−1, a} and
QN = {e1, e2, . . . , en−1, b} two keys of size N , and V1, V2 their values, then, the
set of pairs of the form ⟨e1, e2, . . . , en−1, a, b, V1 ∩ V2⟩ defines CCN+1.
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Now, the set of valid formal concepts of size N are defined using CCN and
CCN+1. Let VX = {π2(p) | p ∈ CCN+1} be the set of values of CCN+1. Then,
the set of valid formal concepts of size N is

V CN = {⟨KN , V ⟩ | ⟨KN , V ⟩ ∈ CCN and V /∈ VX} (3)

The final result is given by all the valid formal concepts V Ci with i ∈
N and 1 ≤ i < |M | (or |G| if there were more attributes than objects). The
bottom and top concepts are computed separately.

2.3 Additional relevant methods

In the literature, at least three other related methods have been found that seek
to make the FCA computation more flexible, considering constraints such as not
having the entire input in memory. Firstly, Valtchev and Missaoui in [14] gener-
alized the theory regarding incremental algorithms, by proposing an algorithm
that can add several objects in one incremental step. To do so, they used the
notion of subposition, i.e., the assembly of contexts sharing the same attributes,
or in other words, adding objects with certain non-new attributes to a context.
Secondly, in [13] the idea of assembling partial lattices to construct a global one
is introduced using both subposition and apposition (i.e., the horizontal concate-
nation of contexts sharing the same set of objects [5]). This is done with the goal
of allowing FCA algorithms to compute lattices beyond what fits in memory. Fi-
nally, in [7], the problem of knowledge loss while maintaining a bounded-sized
lattice in data stream processing is introduced, and the merging (assembling) of
lattices is proposed as a solution. However, although they certainly contribute
to the application of FCA to data streams, they are still not enough to consider
arbitrarily distributed formal contexts incrementally.

3 AddPair algorithm

In the last section, we presented an algorithm that performs a distributed batch
algorithm to compute the set of formal concepts from an arbitrarily distributed
formal context. In this section, we present an incremental algorithm to compute
a set of formal concepts and its line diagram.

In order to incrementally add pairs ⟨g,m⟩ to a lattice L, we need to first clarify
certain aspects. First, all incremental algorithms to the best of our knowledge
consider that either M or G is known in advance, and then the incremental
steps happen on the elements that are unknown. Second, an incremental update
is usually considered between Li and Li+1 where the difference between the
two lattices is that g is being added to Li with all attributes g′, and additionally
g /∈ Gi. Third, the techniques these algorithms use in order to efficiently traverse
the lattice and avoid doing unnecessary computations usually rely on having the
line diagram (⪯ lower and upper neighbors in [5]) updated after each incremental
step. Moreover, in this type of algorithm, given an update from the lattice Li to
Li+1, they typically separate the concepts into the categories



Incrementally updating Concept Lattices 7

AI.1 New : a concept ⟨C,D⟩ ∈ Li+1 where D is not an intent in Li.
AI.2 Modified : a concept ⟨A,B⟩ ∈ Li such that B ⊆ g′ since g has to be added

to its extent in Li+1.
AI.3 Generator : a concept ⟨A,B⟩ ∈ Li such that given a new concept ⟨C,D⟩ ∈

Li+1, D = B ∩ g′ ̸= B. And
AI.4 old : any other concept.

The primary challenge of incremental construction lies in the identification
of all modified concepts and the determination of all canonical generators for
new concepts (to ensure each new concept is generated precisely once). Efficient
algorithms aim to minimize the effort spent on searching through unmodified
and non-canonical generators. Some algorithms such as AddIntent, defined in
[9], address this challenge by recursively traversing the diagram graph of L.

For the purpose of this conception of ‘incrementally adding pairs”, we will
define new versions of the concepts categories,

AP.1 New : a concept ⟨C,D⟩ ∈ Li+1 where D is not an intent in Li and C is not
an extent in Li.

AP.2 Modified : a concept ⟨A,B⟩ ∈ Li such that B ⊆ g′ since g has to be added
to its extent in Li+1 or A ⊆ m′ since m has to be added to its intent in Li+1.

AP.3 Generator : a concept ⟨A,B⟩ ∈ Li such that given a new concept ⟨C,D⟩ ∈
Li+1, D = B∩g′ ̸= B or C = A∩m′ ̸= A (these second ones will be referred
to as generator concept−1). And

AP.4 old : the rest.

So, let us firstly identify what are the different scenarios when adding ⟨g,m⟩
to Li where g might or might not be in Gi, m might or might not be in Mi, and
⟨g,m⟩ /∈ Ii.

First, let us consider the case where g /∈ Gi, and m /∈ Mi. In this case, the
only concepts ⟨A,B⟩ ∈ Li that could be modified are the bottom and the top.
In fact, if ⊥i = ⟨∅,Mi⟩, then, it is a modified concept and its new version would
be ⊥i+1 = ⟨∅,Mi ∪ {m}⟩. Analogously, if ⊤i = ⟨Gi,∅⟩, its modified version
would be ⊤i+1 = ⟨Gi ∪ {g},∅⟩. However, if ⊥i = ⟨X,Mi⟩, X ̸= ∅, then it
is the canonical generator of the new concept ⊥i+1. Similarly, if the intent of
⊤i is not empty, then it will be the canonical generator−1 of the new concept
⊤i+1 = ⟨Gi ∪ {g},∅⟩.

Second, if g /∈ Gi, but m ∈ Mi the cases are, in fact, exactly the same as in
AddIntent (AI.1-AI.4). Analogously, if m /∈ Mi, but g ∈ Gi, the dual version of
the AddIntent algorithm (e.g., we can call it “AddExtent”) would suffice, hence,
the cases are also dual (see the additions of AP.1-AP.4 with respect to AI.1-AI.4).

Finally, let us consider the case when g ∈ Gi and m ∈ Mi. As we can see in
Figure 2, in Li, assuming that b is the generator concept−1 of g, whereas d is
the generator concept of m, we can see in red all concepts containing g in their
extents, and in light-blue, all concepts containing m. Moreover, concepts below
b might or might not contain m in their intent, whilst concepts above d might
or might not contain g in their extent. For instance, in this particular scenario,
w contains m in its intent because it is a sub-concept of d. What we know, from
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a procedural point of view, is that the red concepts may be modified because
their intent now might include m, and light-blue concepts may be modified
analogously because their extent might have to include g now.

⊤

g

a b

z

⊥

h

c

w

d

e

Fig. 2: Concept categories during the an AddPair incremental step in a concept
lattice.

Considering that finding one generator can be done in O(|G|2|M |)2, while,
dually, finding a generator−1, in O(|G||M |2), we could argue that an algorithm
to find the generator of m and the generator−1 of g would cost O(|G|2|M | +
|G||M |2), or its simplified version O(max(|G|2|M |, |G||M |2)). Additionally, in
the worst case, either above the generator−1 of g or below the generator of m,
there could be |Li| concepts.

In the light of that, we propose Algorithm 1 to incrementally add a pair ⟨g,m⟩
to a lattice Li such that both g and m may or may not be present in Gi and Mi

respectively. The algorithm consists in the combination of two other incremental
algorithms: AddIntent [9] and DeleteInstance [18]. Basically, if g ∈ Li, between
lines 1-5 the algorithm sets a variable old_intent with the value of g′ (i.e., in
Li, thus it does not include m yet), then, it deletes the object g (i.e., equivalent
to deleting the row in which that instance appears in the formal context), and
finally, it sets a variable new_intent as g′∪{m}. Otherwise, new_intent = {m},
since g is new in Li+1 and its only related attribute is m (line 6). Then, at line
7, new_intent = g′ regardless of whether g ∈ Gi or not. Continuing, in line 8, in

2 This bound depends on several aspects, notably, the worst case happens when the
algorithm start traversing the lattice from the ⊥ (or dually from the ⊤). However,
this can be considerably faster if we start from higher in the hierarchy (or lower in
the case of generator−1)
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case m /∈ Mi, the algorithm updates the bottom using Algorithm 2, which simply
creates a new bottom containing all attributes (as it should be) when there exists
at least an object in ⊥, or it updates the existing one otherwise. Then, we are
in the case in which m ∈ M , and g /∈ G, hence, we can use AddIntent given that
we also have g′ in the new_intent variable (line 11). Finally, the resulting L is
returned which corresponds to Li+1.

Algorithm 1 Algorithm to incrementally add the attribute m to the object g
in the lattice L
1: if g ∈ L.G then
2: old_intent← g′

3: delete_instance(g,L)
4: new_intent← old_intent ∪ {m}
5: else
6: new_intent← {m}
7: end if
8: if m /∈ L.M then
9: update_bottom(m,L)

10: end if
11: add_intent(g,m,L)
12: return L

Algorithm 2 Algorithm to update the ⊥ concept in L considering that m /∈ M

1: L.M ← L.M ∪ {m}
2: if L.⊥.E = ∅ then
3: L.⊥.I ← L.M
4: else
5: new_bottom← ⟨L.⊥.E,L.M⟩
6: set_link(L.⊥, new_bottom)
7: L.⊥ ← new_bottom
8: end if
9: return L

4 Discussion

As stated before, one of the challenges of incremental construction algorithms
is efficiently identifying the modified concepts. Furthermore, for each of the
modified concepts, it would be necessary to find its generator (or dually, its
generator−1), because by adding g to its extent (or m to its intent), it is possible
that a concept with that extent (or intent) already exists in Li. Since the amount
of modified concepts in the worst case is |Li|, and finding the generator−1 of g
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and the generator of m would cost O(max(|G|2|M |, |G||M |2)), the best we could
hope for is bounded3 by,

O(|L| max(|G|2|M |, |G||M |2)) = O(|L| (|G|2|M |+ |G||M |2))
= O(|L||G||M | (|G|+ |M |))
= O(|L||G||M | max(|G|, |M |))

(4)

Then, if we analyze Algorithm 1, the complexity between the lines 1-7 is
the complexity of DeleteInstance, i.e., O(|L||G||M |2) [18]. Then, the complexity
between the lines 8-12 is the maximum between Algorithm 2 and AddIntent.
Since the complexity of Algorithm 2 is negligible compared to that of AddIntent,
the complexity between these lines ends up being O(|L||G|2|M |)4 ([9]). Further,
the total complexity of Algorithm 1 is

O((|L||G|2|M |+ |L||G||M |2)) = O(|L||G||M | (|G|+ |M |))
= O(|L||G||M | max(|G|, |M |))

(5)

Then, it is noticeable that Equation 5 is exactly the same bound as Equa-
tion 4, which in turn is the best we can hope for when updating every modified
object exactly once.

Finally, let us give an asymptotic bound for the Goel and Chaudhary’s Al-
gorithm. Recalling Equation 1, which in their implementation is performed with
a reduceByKey function on the distributed pairs. This first step does not play
a considerable role in the complexity of the algorithm, and for that reason, we
will leave it aside. The most crucial part of this algorithm for the asymptotic be-
havior is the calculation of CN+1 from CN , since it generates O(|CN |2) (or more
precisely |CN |(|CN |−1)

2 , which is quadratic nonetheless) new candidate concepts.
This is repeated for every CN with 1 ≤ N < max(|g′|) (or max(|m′|)). Since in
the worst case max(|g′|) = |M |, and considering that |C1| ≤ |M | (or |G| when
there are more attributes than objects), a big O bound for these steps would be

O
(|M |−1∑

i=1

|M |2
i

)
(6)

Although |L| = O(2 max(|G|,|M |)) in the worst case, in practical scenarios,
when there is highly correlated data, the amount of concepts could be much
smaller than its exponential bound. However, Equation 6 reveals that the com-
plexity of Goel and Chaudhary’s Algorithm, although scalable and parallelizable,
suffers from the exponential generation of candidate concepts, regardless of the
3 Notice that O is an upper bound.
4 With certain optimizations, a tighter bound is O(|L||G|2max(|g′|)) where max(|g′|)

is the maximum amount of attributes related to an object. However, to simplify the
math, we will use the simpler version of the two.
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sparsity of the formal context, e.g., if only one object in the formal context has its
g′ ≈ |M |, then the algorithm would necessarily compute Equation 6 candidate
concepts up to |M |.

5 Conclusions and Future Work

In this article, a novel algorithm for incrementally updating a lattice L with a
complexity of O(|L||G||M | max(|G|, |M |)) has been presented. Furthermore, the
results of the theoretical analysis suggest that Algorithm 1 should be a better
fit than the algorithm of Goel and Chaudhary complexitywise, when the formal
context is sparse (which is often the case in practice). However, both algorithms
have several differences that make the comparison very hard to perform. Firstly,
being batch vs incremental, and secondly, being parallel vs single threaded. The
existing batch algorithm have the upper hand in scalability regarding the fact
that it is an inherently distributed algorithm, or in other words, if needed, more
nodes can be added to the used cluster in order to compute the lattice faster.
Furthermore, when it comes to flexibility, Algorithm 1 is preferable because it
does not require to restart the computation when new objects or attributes are
added. Yet, ideally, a fully distributed solution to the incremental computation
of arbitrarily distributed formal context must be explored.
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